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ON KODAIRA DIMENSION OF ALMOST COMPLEX
4-DIMENSIONAL SOLVMANIFOLDS WITHOUT COMPLEX
STRUCTURES
ANDREA CATTANEO, ANTONELLA NANNICINI, AND ADRIANO TOMASSINI
Abstract. The aim of this paper is to continue the study of Kodaira di-
mension for almost complex manifolds, focusing on the case of compact 4-
dimensional solvmanifolds without any integrable almost complex structure.
According to the classification theory we consider: rr3,−1, nil
4 and r4,λ,−(1+λ)
with −1 < λ < − 1
2
. For the first solvamanifold we introduce special families
of almost complex structures, compute the corresponding Kodaira dimension
and show that it is no longer a deformation invariant. Moreover we prove Ricci
flatness of the canonical connection for the almost Kähler structure. Regarding
the other two manifolds we compute the Kodaira dimension for certain almost
complex structures. Finally we construct a natural hypercomplex structure
providing a twistorial description.
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1. Introduction
Let M be a smooth 2n-dimensional manifold endowed with an almost complex
structure J , that is a smooth (1, 1)-tensor field such that J2 = − idM . According
to the celebrated Newlander–Nirenberg Theorem, the almost complex structure J
is induced by a structure of complex manifold on M , that is J is integrable, if and
only if the torsion tensor of J , namely the Nijenhuis tensor of J , vanishes. The
investigation of the existence of new almost complex invariants of (M,J) is a natu-
ral problem in almost complex geometry. Recently, in this direction, H. Chen and
W. Zhang in [CZ18] and [CZ20], starting with a 2n-dimensional compact almost
complex manifold (M,J), introduce the notion of plurigenera and give the defini-
tion of Kodaira dimension of (M,J), denoted as Pm(M,J), kod(M,J) respectively.
They prove that, given any 4-dimensional compact almost complex manifold, the
plurigenera and the Kodaira dimension are birational invariants in the almost com-
plex category. Furthermore, they show that such invariants are not stable under
small deformations of the almost complex structure. For this purpose, they con-
struct in [CZ18, §6.1] a 1-parameter family {Ja}a∈R∗ of almost complex structures
on the Kodaira–Thurston manifold X such that
kod(X, Ja) =


0 a ∈ πQ r {0},
−∞ a /∈ πQ.
In [CNT20] the authors compute the Kodaira dimension of special families of 6-
dimensional almost complex manifolds and of their deformations. More in partic-
ular, starting with the smooth manifold underlying the Nakamura complex 3-fold,
they compute the Kodaira dimension of an almost Kähler deformation, showing
that the possible values are 0 or −∞; furthermore, it is proved that the Ricci
curvature of the canonical connection ∇c vanishes.
The aim of this paper is to continue the study of the Kodaira dimension in
the almost complex category. More specifically, we focus on compact 4-dimensional
solvmanifoldsM , that is, compact quotients of simply connected solvable Lie groups
by discrete cocompact subgroups, i.e., by lattices, without any complex structure.
According to the classification theory (see [ABP20]) these are the solvable Lie al-
gebras whose corresponding simply connected Lie groups admit compact quotients
by a lattice:
(1) rr3,−1;
(2) nil4 ;
(3) r4,λ,−(1+λ) with −1 < λ ≤ − 12 .
Notice that, with the only exception of r4,− 1
2
,− 1
2
, none of the 4-dimensional compact
quotients as above carries any integrable almost complex structure. Therefore, the
notion by Chen and Zhang of Kodaira dimension appears as one useful tool for the
study of the almost complex geometry of such manifolds.
The paper is organized as follows. After we recall the definition of Kodaira
dimension for almost complex manifolds in Section 2, in Section 3 we consider
the families of solvmanifolds M(k), N and M (λ) associated respectively to the
solvable Lie algebras rr3,−1, nil
4 and r4,λ,−(1+λ) with −1 < λ < − 12 and we recall
their constructions. Sections 4, 5 and 6 are devoted to the computations of the
Kodaira dimension of special families of almost complex structures on M(k), N
and M (λ): see Propositions 4.1 and 4.2 for the structures on M(k), Propositions
5.1, 5.3 and 5.5 for the structures on N and Proposition 6.1 for the one on M (λ).
The main tool for our computations is an ad hoc method involving Fourier series:
for each example we view functions on the solvmanifolds as functions defined on the
universal cover which are invariant with respect to a suitable lattice. Then we find
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a sublattice with respect to which such functions are periodic, and then we express
them in Fourier series. Finally, we compute the Fourier coefficients by solving some
system of partial differential equations and then obtain the Kodaira dimension.
Furthermore, the Ricci curvature of the canonical Chern connection is computed
in the case of almost Kähler structures. In particular, for the almost Kähler family
(Js, gs) on M(k) (see (4.1)), the Ricci curvature vanishes (see Proposition 4.4). It
is worth to note that there exists a non Chern–Ricci flat almost Kähler metric,
with vanishing scalar curvature on (N , J, gJ), such that kod(N , J) = −∞ (see
Proposition 5.6).
Notice that the Kodaira dimension ofM(k) is no longer a deformation invariant.
In Section 7, we construct a natural hypercomplex structure providing a twistorial
description. Finally, in Section 8 we describe some natural Norden structures.
Acknowledgement — The authors are grateful to Weiyi Zhang for a interesting
discussions and suggestions during the workshop ‘Geometria in Bicocca 2019’ held
in Milan, which led to the preparation of this paper.
2. Preliminaries and notation
We start by fixing some notation and recalling the definition of Kodaira dimen-
sion in the almost complex category.
Let M be a compact 2n-dimensional smooth manifold endowed with an almost
complex structure J . Denote by NJ the Nijenhuis tensor of J , that is, the smooth
(1, 1)-tensor field defined by
NJ(X,Y ) = [JX, JY ]− [X,Y ]− J [JX, Y ]− J [X, JY ]
for every pair of vector fields X , Y on M . The Newlander–Nirenberg Theorem
states that J is integrable if and only if NJ vanishes.
Following [CZ18], we briefly recall the definition of Kodaira dimension of (M,J).
Denote by Λp,qJ M the bundle of smooth (p, q)-forms on (M,J) and by A
p,q
J (M) =
Γ (M,Λp,qJ M) the space of smooth (p, q)-forms on (M,J). Then the exterior differ-
ential d satisfies
d(Ap,qJ (M)) ⊂ Ap+2,q−1J (M) +Ap+1,qJ (M) +Ap,q+1J (M) +Ap−1,q+2J (M),
and, consequently, d decomposes as
d = µJ + ∂J + ∂J + µJ ,
where µJ = π
p+2,q−1 ◦ d and ∂J = πp,q+1 ◦ d. Let KX = Λn,0J M be the canonical
bundle of the almost complex manifold X = (M,J). Then KX is a complex line
bundle over X and the ∂J -operator on (M,J) gives rise to a pseudoholomorphic
structure on KX , i.e., a differential operator (still denoted by ∂J )
∂J : Γ(M,KX)→ Γ(M,Λ0,1J M ⊗KX)
satisfying the Leibniz rule
∂J(fσ) = ∂Jf ⊗ σ + f∂Jσ,
for every smooth function f and section σ.
As a consequence of Hodge Theory (see [CZ18, Theorem 1.1]), the spaceH0(M,K ⊗mX )
of pseudoholomorphic pluricanonical sections is a finite dimensional complex vector
space for every m ≥ 1.
Definition ([CZ18, Definition 1.2]) — The mth-plurigenus of (M,J) is
Pm(M,J) := dimCH
0(X,K ⊗mX ).
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The Kodaira dimension of (M,J) is defined as
kod(M,J) :=


−∞ if Pm(J) = 0 for every m ≥ 1,
lim sup
m→+∞
logPm(J)
logm
otherwise.
3. 4-solvmanifolds without complex structures
3.1. The solvmanifolds M(k). Based on the classification of the pairs consisting
of a connected, simply connected, (real) three dimensional solvable Lie group and
a discrete cocompact lattice made in [AGH61], Fernández and Gray produced in
[FG90] an example of compact four dimensional manifold admitting no integrable
almost complex structures. In this section we review the construction of this man-
ifold, with the purpose of introducing the notation.
Fix k ∈ Rr {0} such that ek + e−k ∈ Z, and consider the group
G(k) =




ekz 0 0 x
0 e−kz 0 y
0 0 1 z
0 0 0 1


∣∣∣∣∣∣∣∣∣∣∣∣
x, y, z ∈ R


.
Then we can see G(k) ≃ R2 ⋊φk R, where the semidirect product is taken with
respect to the action of R on R2 given by
φk : R −→ GL(2,R)
z 7−→

 ekz 0
0 e−kz

 .
It is then easy to show that G(k) is a solvable, non nilpotent, Lie group.
Fix now two linearly independent vectors u = (u1, u2), v = (v1, v2) ∈ R2 and an
integer n ∈ Z, and let D = D(u, v, n) be the subgroup of G(k) generated by
Eu =


1 0 0 u1
0 1 0 u2
0 0 1 0
0 0 0 1


, Ev =


1 0 0 v1
0 1 0 v2
0 0 1 0
0 0 0 1


,
En =


enk 0 0 0
0 e−nk 0 0
0 0 1 n
0 0 0 1


.
Then D is a discrete cocompact lattice in G(k) (see [AGH61, Theorem 5(4)]).
On the product G(k) × R we have the action of D × Z, where D acts on G(k)
by multiplication on the left, while Z acts on R by translations. Let M(k) be the
quotient of G(k) × R by this diagonal action, then M(k) is a compact manifold,
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admitting the following 1-forms:
e1 induced by the invariant form e−kzdx,
e2 induced by the invariant form ekzdy,
e3 induced by the invariant form dz,
e4 induced by the invariant form dt.
Dually, the corresponding fields are
(3.1)
e1 induced by the invariant field e
kz ∂
∂x
,
e2 induced by the invariant field e
−kz ∂
∂y
,
e3 induced by the invariant field
∂
∂z
,
e4 induced by the invariant field
∂
∂t
.
The structure equations for M(k) and the only non trivial commutators are
de1 = ke1 ∧ e3, de2 = −ke2 ∧ e3, de3 = 0, de4 = 0
and
[e1, e3] = −ke1, [e2, e3] = ke2
respectively.
We will consider on M(k) the following additional structures:
• the 2-form
ω = e1 ∧ e2 + e3 ∧ e4,
which is easily seen to be a symplectic form on M(k);
• the Riemannian metric
g = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4.
Remark 3.1— The manifold M(k) is (real) parallelizable, since the vectors e1(P ),
e2(P ), e3(P ) and e4(P ) span the tangent space TPM(k) for every P ∈ M(k).
As a consequence, we can define an almost complex structure on M(k) by simply
specifying its action on H0(M(k), TM(k)).
Remark 3.2 — Observe that a smooth function f : M(k) −→ R can be identified
with a smooth function (still denoted by f) on the universal cover R4 such that
f(x, y, z, t) = f(eknγx+ αu1 + βv1, e
−knγy + αu2 + βv2, z + nγ, t+ ε)
for every α, β, γ, ε ∈ Z. In particular, for γ = 0 we see that f is Z3-periodic, and
so it admits a Fourier series expansion of the form
(3.2) f(x, y, z, t) =
∑
I=(a,b,c)∈Z3
fI(z)e
2pi
√−1 1
δ
((av2−bu2)x+(−av1+bu1)y+cδt),
where δ = u1v2 − u2v1 6= 0.
3.2. The nilmanifold N . Let G be the group
(
R4, ∗), where the product of
(a, b, c, d) , (x, y, z, t) ∈ R4 is defined as
(a, b, c, d) ∗ (x, y, z, t) =
(
x+ a, y + b, z + ay + c, t+
1
2
a2y + az + d
)
.
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It is then straightforward to verify that the set of 1-forms
e1 = dx,
e2 = dy,
e3 = dz − xdy,
e4 = dt+ 12x
2dy − xdz
on G is a basis for the space Γ (G, TG), and that these forms are left invariant with
respect to translations by elements in the subgroup consisting of 4-tuples with even
integral entries.
Call N the quotient of G by such an action, then the previous forms descend to
N and their valuations at any given point span the cotangent space at that point.
The dual tangent frame to N is given by the fields
(3.3)
e1 =
∂
∂x
,
e2 =
∂
∂y
+ x ∂
∂z
+ 12x
2 ∂
∂t
,
e3 =
∂
∂z
+ x ∂
∂t
,
e4 =
∂
∂t
.
The structure equations for N and the only non trivial commutators are
(3.4) de1 = 0, de2 = 0, de3 = −e1 ∧ e2, de4 = −e1 ∧ e3,
and
[e1, e2] = e3, [e1, e3] = e4,
respectively.
Remark 3.3— The 2-form
ξ = e1 ∧ e4 + e2 ∧ e3
is a symplectic form on N . Indeed, ξ ∧ ξ = 2e1 ∧ e2 ∧ e3 ∧ e4 and by the structure
equations dξ = 0.
Remark 3.4 — As N is a quotient of R4 by the action of a suitable lattice, we
can see a smooth function f : N −→ R as an invariant function on R4, where
invariance is meant in terms of the lattice:
f(x, y, z, t) = f(x+2α, y+2β, z+2αy+2γ, t+2α2y+2αz+2δ) ∀α, β, γ, δ ∈ Z.
In particular f is periodic of period 2 in y, z, t, hence it admits a Fourier expansion
of the form
(3.5) f(x, y, z, t) =
∑
I=(a,b,c)∈Z3
fI(x)e
√−1pi(ay+bz+ct).
3.3. The solvmanifolds M (λ). Let λ ∈ (−1,− 12) and define G (λ) as the group
G (λ) =




eλt 0 0 0 x
0 et 0 0 y
0 0 e−(1+λ)t 0 z
0 0 0 1 t
0 0 0 0 1


∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x, y, z, t ∈ R


.
Let M (λ) be the quotient manifold of G (λ) by the left action of translations by
elements with (x, y, z, t) ∈ Z4.
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The 1-forms
e1 = dt,
e2 = e−tdy,
e3 = e−λtdx,
e4 = e(1+λ)tdz,
generate the cotangent space at each point of M (λ), and it is easy to see that they
satisfy the structure equations
(3.6) de1 = 0, de2 = −e1 ∧ e2, de3 = −λe1 ∧ e3, de4 = (1+ λ)e1 ∧ e4.
The dual picture on the tangent bundle is as follows: the dual tangent frame is
(3.7)
e1 =
∂
∂t
,
e2 = e
t ∂
∂y
,
e3 = e
λt ∂
∂x
,
e4 = e
−(1+λ)t ∂
∂z
,
and the non trivial commutators are
[e1, e2] = e2, [e1, e3] = λe3, [e1, e4] = −(1 + λ)e4.
Hence M (λ) is a 2-step (non nilpotent) solvmanifold. It is known (cf. [Has05,
Section 4]) that M (λ) admits no integrable almost complex structures.
Remark 3.5 — As M (λ) is a quotient of R4 by the action of a suitable lattice, we
can see a smooth function f : M (λ) −→ R as an invariant function on R4, where
invariance is meant in terms of the lattice:
f(x, y, z, t) = f(eλδx+ α, eδy + β, e−(1+λ)δz + γ, t+ δ) ∀α, β, γ, δ ∈ Z.
In particular f is periodic of period 1 in x, y, z, hence it admits a Fourier expansion
of the form
(3.8) f(x, y, z, t) =
∑
I=(a,b,c)∈Z3
fI(t)e
2pi
√−1(ax+by+cz).
4. Special families of almost complex structures on M(k)
Consider the following families of endomorphisms of the tangent bundle ofM(k):
(4.1)
Js =


α1 β1 0 0
γ1 −α1 0 0
0 0 α2 β2
0 0 γ2 −α2


,
with


s = (r1, s1, r2, s2) ∈ R4,
αi = − 2sir2
i
+s2
i
−1 ,
βi =
r2
i
+2ri+s
2
i
+1
r2
i
+s2
i
−1 ,
γi = − r
2
i
−2ri+s2i+1
r2
i
+s2
i
−1 ,
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and
Jr = α


0 −(1− r)2 2r2 −2r(1− r)
(1− r)2 0 −2r(1 − r) −2r2
−2r2 2r(1− r) 0 −(1− r)2
2r(1− r) 2r2 (1− r)2 0


,
with


r ∈ R,
α = 1(1−r)2+2r2 =
1
3r2−2r+1 .
It is then easy to see that α2i + βiγi = −1 for i = 1, 2 and that both Js and
Jr define smooth families of almost complex structures on M(k), as J
2
s = J
2
r =
− idTM(k). We recall here that since M(k) can not admit an integrable almost
complex structure, none of the Js’s nor of the Jr’s is integrable.
The almost complex structures Js behave well with respect to the symplectic
form ω = e1∧e2+e3∧e4, at least for small values of the parameter s = (r1, s1, r2, s2):
we have in fact that ω(Js·, Js·) = ω(·, ·), and that the symmetric bilinear form
gs(·, ·) = ω(·, Js·) is positive definite (hence it is a Riemannian metric on M(k)).
The matrix representation for the metric gs in the basis {e1, e2, e3, e4} is
gs =


γ1 −α1 0 0
−α1 −β1 0 0
0 0 γ2 −α2
0 0 −α2 −β2


.
Since the fundamental form of all the almost Hermitian manifolds (M(k), gs, Js) is
ω, we have a family of almost Kähler manifolds.
On the other hand, the almost complex structures Jr are all compatible with the
fixed metric g, as g(Js·, Js·) = g(·, ·), hence we have an almost Hermitiam manifold
(M(k), g, Jr) for all r ∈ R. By a direct computation, it is easy to see that the
fundamental form ωr(·, ·) = g(Jr·, ·) is d-closed if and only if r = 0. So, apart for
r = 0, none of the manifolds in this family is almost Kähler.
We remark that both families {Js} and {Jr} are deformations of the almost
complex structure J0 defined by s = 0 in the first family and by r = 0 in the second
family.
4.1. Kodaira dimension. We focus first on the family (M(k), Js).
We can then find a gs-orthonormal frame {ε1(s), ε2(s), ε3(s), ε4(s)} for the tan-
gent bundle (to simplify the notation, from now on we will drop the explicit depen-
dence on s):
ε1 =
1√
γ1
e1, ε3 =
1√
γ2
e3,
ε2 =
1√
γ1
(α1e1 + γ1e2), ε4 =
1√
γ2
(α2e3 + γ2e4),
whose corresponding dual frame is
ε1 =
√
γ1
(
e1 − α1
γ1
e2
)
, ε3 =
√
γ2
(
e3 − α2
γ2
e4
)
,
ε2 = 1√
γ1
e2, ε4 = 1√
γ2
e4.
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The commutators of the fields and, dually, the differentials of these forms are
respectively given by
[ε1, ε2] = 0, [ε1, ε3] = − k√γ2 ε1, [ε1, ε4] = −
kα2√
γ2
ε1,
[ε2, ε3] = −2 kα1√γ2 ε1 + k√γ2 ε2, [ε2, ε4] = −2kα1α2√γ2 ε1 + kα2√γ2 ε2, [ε3, ε4] = 0,
and by
dε1 = k√
γ2
ε1 ∧ ε3 + kα2√
γ2
ε1 ∧ ε4 + 2 kα1√
γ2
ε2 ∧ ε3 + 2kα1α2√
γ2
ε2 ∧ ε4, dε3 = 0,
dε2 = − k√
γ2
ε2 ∧ ε3 − kα2√
γ2
ε2 ∧ ε4, dε4 = 0.
Now, we switch from the real to the complex formalism. Let hs be the Hermitian
metric induced by gs, we consider the hs-unitary frame of fields of type (1, 0)
X1 =
√
2
2
(
ε1 −
√−1ε2
)
, X2 =
√
2
2
(
ε3 −
√−1ε4
)
,
and its dual frame of (1, 0)-forms
ϕ1 =
√
2
2
(
ε1 +
√−1ε2) , ϕ2 =
√
2
2
(
ε3 +
√−1ε4) .
It is in fact easy to see that the almost complex structure Js takes the standard
form on the basis {ε1(s), ε2(s), ε3(s), ε4(s)}. It follows that
dϕ1 =
√
2k
2
√
γ2
(−√−1α1(1−
√−1α2)ϕ1 ∧ ϕ2+
−√−1α1(1 +
√−1α2)ϕ1 ∧ ϕ¯2+
−(1 +√−1α1)(1 −
√−1α2)ϕ2 ∧ ϕ¯1+
+(1 +
√−1α1)(1 +
√−1α2)ϕ¯1 ∧ ϕ¯2),
dϕ2 = 0,
from which we deduce that
∂¯ϕ1 = −
√
2k
2
√
γ2
(√−1α1(1 +√−1α2)ϕ1 ∧ ϕ¯2 + (1 +√−1α1)(1 −√−1α2)ϕ2 ∧ ϕ¯1) ,
∂¯ϕ2 = 0.
We observe that ϕ1∧ϕ2 is a smooth section of the canonical bundle of (M(k), Js)
and
∂¯(ϕ1 ∧ ϕ2) =
√
2k
2
√
γ2
√−1α1(1 +
√−1α2)ϕ1 ∧ ϕ2 ∧ ϕ¯2.
Proposition 4.1— In a suitable neighbourhood of the origin the Kodaira dimen-
sion of (M(k), Js) is
kod(M(k), Js) =


−∞ if α1α2 6= 0,
0 if α1α2 = 0.
Proof. Let fϕ1 ∧ ϕ2 be a smooth section of the canonical bundle. This section is
pseudoholomorphic if and only if
0 = ∂¯(fϕ1 ∧ ϕ2) = X¯1(f)ϕ1 ∧ ϕ2 ∧ ϕ¯1 + X¯2(f)ϕ1 ∧ ϕ2 ∧ ϕ¯2 + f ∂¯(ϕ1 ∧ ϕ2),
hence if and only if
(4.2)


X¯1(f) = 0
X¯2(f) +
√
2k
2
√
γ2
√−1fα1(1 +
√−1α2) = 0.
10 ANDREA CATTANEO, ANTONELLA NANNICINI, AND ADRIANO TOMASSINI
Write f = u +
√−1v, where we see u and v as real functions of the real variables
x, y, z and t, which are defined on R4 and are periodic with respect to the action
of the lattice D × Z.
The first equation in (4.2) then becomes
0 = X¯1(f) =
√
2
2
(ε1+
√−1ε2)(u+
√−1v) =
√
2
2
(ε1(u)−ε2(v)+
√−1(ε1(v)+ε2(u))),
which leads us to the system

ekz ∂u
∂x
− α1ekz ∂v∂x − γ1e−kz ∂v∂y = 0
ekz ∂v
∂x
+ α1e
kz ∂u
∂x
+ γ1e
−kz ∂u
∂y
= 0.
We can then express ∂u
∂x
and ∂u
∂y
in terms of ∂v
∂x
and ∂v
∂y
:

∂u
∂x
= α1
∂v
∂x
+ γ1e
−2kz ∂v
∂y
∂u
∂y
= e2kzβ1
∂v
∂x
− α1 ∂v∂y ,
and so once we take the derivative with respect to y of the first relation and with
respect to x of the second one, we see that the relation
α1
∂2v
∂x∂y
+ γ1e
−2kz ∂
2v
∂y2
= e2kzβ1
∂2v
∂x2
− α1 ∂
2v
∂x∂y
must hold. Hence v is a solution of the elliptic differential equation(
−e2kzβ1 ∂
2
∂x2
+ 2α1
∂2
∂x∂y
+ e−2kzγ1
∂2
∂y2
)
v = 0,
and so it must be constant with respect to x and y (because of the periodicity). An
analogous argument shows that also u must be constant with respect to x and y.
Consider the Fourier series expansion (3.2) of u and v. Since we know that they
do not depend on x and y, this expansion can be simplified further to
(4.3) u(x, y, z, t) =
∑
I=(a,b)∈Z2
uIe
2pi
√−1(az+bt), uI ∈ C
and similarly for v.
The second equation in (4.2) is equivalent to the system

∂u
∂z
− α2 ∂v∂z − γ2 ∂v∂t = kα1(α2u+ v)
∂v
∂z
+ α2
∂u
∂z
+ γ2
∂u
∂t
= kα1(α2u− v),
in view of (4.3) we obtain the following system for (uI , vI)

2π
√−1 a
n
uI − 2π
√−1 a
n
α2vI − 2π
√−1bγ2vI − kα1α2uI − kα1vI = 0
2π
√−1 a
n
vI + 2π
√−1 a
n
α2uI + 2π
√−1bγ2uI − kα1α2uI + kα1vI = 0.
This is a homogeneous linear system, whose representing matrix has determinant
(4.4)
− 4pi2
n2
(
(α22 + 1)a
2 + 2nα2γ2ab+ n
2γ22b
2 + k
2
2pi2n
2α21α2
)
+
− 2pi
n
√−1kα1(α2 − 1) ((α2 + 1)a+ nγ2b) .
We want to determine when this determinant vanishes:
(1) if α1 = 0, the imaginary part of (4.4) is zero and the real part vanishes if
and only if (α22 + 1)a
2 + 2nα2γ2ab + n
2γ22b
2 = 0. It is not hard to prove
that this last condition happens if and only if a = b = 0 in a suitable
neighbourhood of the origin.
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(2) If α1 6= 0, in na neighbourhood of the origin the imaginary part of (4.4)
vanishes for a = − nγ2
α2+1
b. The substitution of this expression in the real
part leads us to the following condition:
2n2γ22
(α2 + 1)2
b2 +
n2
2π2
k2α21α
2
2 = 0.
This last equation has a solution if and only if α2 = 0, in which case the
solution is a = b = 0.
We have just shown that in a neighbourhood of the origin
if α1α2 6= 0, the determinant (4.4) is always non-zero;
if α1α2 = 0, the determinant (4.4) vanishes if and only if a = b = 0.
We can summarize this result saying that f is a solution of (4.2) if and only if

f = const if α1α2 = 0,
f = 0 if α1α2 6= 0.
To conclude the computation of the Kodaira dimension of (M(k), Js), we observe
that it is not difficult to see that
∂¯((ϕ1 ∧ ϕ2)⊗m) =
√
2k
2
√
γ2
√−1α1(1 +
√−1α2)mϕ¯2 ⊗ (ϕ1 ∧ ϕ2)⊗m
as a section of T ∗0,1M(k)⊗ (∧2,0T ∗M(k))⊗m. Hence ∂¯(f · (ϕ1 ∧ ϕ2)⊗m) = 0 leads
us to a situation which is completely analogous to the one described in (4.2). As a
consequence, we can claim that
Pm(M(k), Js) =


0 if α1α2 6= 0,
1 if α1α2 = 0,
and so
κ(M(k), Js) =


−∞ if α1α2 6= 0,
0 if α1α2 = 0.

Consider now the family (M(k), Jr). A g0-orthonormal basis in which the almost
complex structures Jr are in canonical form is then given by
ε1 =
√
α((1 − r)e1 + re2 − re3), ε3 =
√
α(re1 + (1− r)e3 + re4)
ε2 =
√
α(−re1 + (1− r)e2 + re4), ε4 =
√
α(−re2 − re3 + (1− r)e4),
whose corresponding dual frame is
ε1 =
√
α((1 − r)e1 + re2 − re3), ε3 = √α(re1 + (1− r)e3 + re4)
ε2 =
√
α(−re1 + (1− r)e2 + re4), ε4 =
√
α(−re2 − re3 + (1− r)e4).
It follows that
X1 =
√
2
2
(
ε1 −
√−1ε2
)
, X2 =
√
2
2
(
ε3 −
√−1ε4
)
is an h-unitary frame of fields of type (1, 0), where h is the Hermitian form associated
to g and Jr, and that
ϕ1 =
√
2
2
(
ε1 +
√−1ε2) , ϕ2 =
√
2
2
(
ε3 +
√−1ε4)
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is the corresponding coframe of forms of type (1, 0). A computation yields
dϕ1 =
√
2
2 α
√
αk(1− r −√−1r)(r2ϕ1 ∧ ϕ2+
+r(1− r −√−1r)ϕ1 ∧ ϕ¯1+
−((1− r)2 + 2r2)ϕ2 ∧ ϕ¯1+
+r(1− r −√−1r)ϕ2 ∧ ϕ¯2+
+(1− r −√−1r)2ϕ¯1 ∧ ϕ¯2),
dϕ2 =
√
2
2 α
√
αkr((1 − r +√−1r)2ϕ1 ∧ ϕ2+
−r(1− r +√−1r)ϕ1 ∧ ϕ¯1+
+ 1
α
ϕ1 ∧ ϕ¯2+
−r(1− r +√−1r)ϕ2 ∧ ϕ¯2+
+r2ϕ¯1 ∧ ϕ¯2.
We can then see that
∂¯(ϕ1 ∧ ϕ2) = −
√
2
2
α
√
αkr((1 − r −√−1r)2ϕ¯1 − r(1 − r +√−1r)ϕ¯2)︸ ︷︷ ︸
τ
∧ϕ1 ∧ ϕ2.
As a consequence
∂¯
(
(ϕ1 ∧ ϕ2)⊗m) = mτ ⊗ (ϕ1 ∧ ϕ2)⊗m, for all m ≥ 1,
and so we see that the smooth pluricanonical section (ϕ1 ∧ ϕ2)⊗m is pseudoholo-
morphic if and only if r = 0.
Proposition 4.2— We have the following:
Pm(M(k), Jr) =


0 if r 6= 0,
1 if r = 0,
and so
kod(M(k), Jr) =


−∞ if r 6= 0,
0 if r = 0.
Proof. A smooth m-canonical section f(ϕ1 ∧ ϕ2)⊗m is pseudoholomorphic if and
only if ∂¯f +mfτ = 0, which is equivalent to the system

X¯1(f)−
√
2
2 α
√
αkr(1 − r −√−1r)2mf = 0
X¯2(f) +
√
2
2 α
√
αkr2(1− r +√−1r)2mf = 0.
Write f = u+
√−1v and substitute to X¯i its expression in terms of the ei’s, so that
we can work on the real and imaginary parts of the previous system. The result is
then
(4.5)

((1 − r)e1 + re2 − re3)(u)− (−re1 + (1− r)e2 + re4)(v) − αmkr((1 − 2r)u + 2r(1− r)v) = 0
((1 − r)e1 + re2 − re3)(v) + (−re1 + (1 − r)e2 + re4)(u)− αmkr((1 − 2r)v − 2r(1 − r)u) = 0
(re1 + (1 − r)e3 + re4)(u)− (−re2 − re3 + (1− r)e4)(v) + αmkr2((1− r)u − rv) = 0
(re1 + (1 − r)e3 + re4)(v) + (−re2 − re3 + (1− r)e4)(u) + αmkr2((1− r)v + ru) = 0.
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We can use (4.5) to express ei(u) in terms of ej(v), v and u, and then (3.1) to find
that
(4.6)

1
α
ekz ∂u
∂x
= (1− r)2e−kz ∂v
∂y
− 2r2 ∂v
∂z
+ 2r(1 − r)∂v
∂t
+ αmkr(1 − r)3u+mkr2v
1
α
e−kz ∂u
∂y
= −(1− r)2ekz ∂v
∂x
+ 2r(1 − r)∂v
∂z
+ 2r2 ∂v
∂t
− αmkr2(1− r)2u+mkr(1− r)v
1
α
∂u
∂z
= 2r2ekz ∂v
∂x
− 2r(1 − r)e−kz ∂v
∂y
+ (1− r)2 ∂v
∂t
− 2αmkr2(1 − 2r)u
1
α
∂u
∂t
= −2r(1− r)ekz ∂v
∂x
− 2r2e−kz ∂v
∂y
− (1− r)2 ∂v
∂z
− 4αmkr3(1− r)u.
As M(k) is a quotient of R4 by a suitable lattice (see §3.1), we can see both u
and v as functions defined on R4 and periodic with respect to the lattice, which
means that
u(x, y, z, t) = u(enkγx+αu1+βv1, e
−nkγy+αu2+βv2, z+nγ, t+ε), ∀α, β, γ, ε ∈ Z
and similarly for v. In particular
u(x, y, z, t) = u(x+ αu1 + βv1, y + αu2 + βv2, z, t+ ε), ∀α, β, ε ∈ Z
hence u admits the following Fourier expansion:
u(x, y, z, t) =
∑
I=(a,b,c)∈Z3
uI(z)e
2pi
√−1 1
δ
((av2−bu2)x+(−av1+bu1)y+cδt),
where δ = u1v2 − u2v1 6= 0. Combining this with (4.6) we find the system in the
unknown (uI , vI , u
′
I , v
′
I)

2pi
√−1
αδ
ekz(av2 − bu2)uI = 2pi
√−1
δ
(1− r)2e−kz(−av1 + bu1)vI − 2r2v′I+
+4π
√−1r(1 − r)cvI + αmkr(1 − r)3uI +mkr2vI
2pi
√−1
αδ
e−kz(−av1 + bv1)uI = − 2pi
√−1
δ
ekz(1− r)2(av2 − bu2)vI + 2r(1 − r)v′I+
+4π
√−1r2cvI − αmkr(1 − r)2uI +mkr(1− r)vI
1
α
u′I =
4pi
√−1
δ
ekzr2(av2 − bu2)vI − 4pi
√−1
δ
e−kzr(1 − r)(−av1 + bu1)vI+
+2π
√−1(1− r)2cvI − 2αmkr2(1− 2r)uI
2pi
√−1
α
cuI = − 4pi
√−1
δ
ekzr(1 − r)(av2 − bu2)vI+
− 4pi
√−1
δ
e−kzr2(−av1 + bu1)vI − (1 − r)2v′I − 4αmkr3(1 − r)uI .
For r = 0 the determinant of the matrix representing this system is
4π2
e2kzδ2
((v21 + e
2kzv22)a
2 − 2(u1v1 + u2v2)ab+ (u21 + e2kzu22)b2),
and so we see that this discriminant vanishes if and only if a = b = 0. By a
continuity argument, we can deduce that there is a neighbourhood of r = 0 where
if a 6= 0 or b 6= 0 then the determinant is non-zero, hence uI = vI = 0.
But then, a pair (u, v) solving (4.6) must depend only on z and t. The last two
equations of (4.6) then become
1
α
∂u
∂z
= (1− r)2 ∂v
∂t
− 2αmkr2(1− 2r)u
1
α
∂u
∂t
= −(1− r)2 ∂v
∂z
− 4αmkr3(1− r)u,
so once we differentiate the first by t and the second by z we see that v (and
similarly u) satisfies the second order equation
(1− r)2 ∂
2v
∂z2
+(1− r)2 ∂
2v
∂t2
+2α2mkr2(1− 2r)(1− r)2 ∂v
∂z
+4α2mkr3(1− r)∂v
∂t
= 0.
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It follows that u and v are constant, and a final look at (4.6) shows that
if r = 0 then u, v are constant,
if r 6= 0 then u = v = 0.
This last fact readily implies the Proposition. 
4.2. Curvature of the canonical connection. The manifold (M(k), Js, gs) is
an almost Kähler manifold for every (small) value of the parameter s. As a conse-
quence, we can use the same strategy used in [CNT20] to compute the Chern–Ricci
tensor and the scalar curvature of the canonical connection of these almost Kähler
metrics.
Direct computations give:
Lemma 4.3— The Nijenhuis tensor of Js is the following:
NJs(ε1, ε2) = 0,
NJs(ε1, ε3) = 2
k√
γ2
(1− α1α2)ε1 + 2 k√γ2 (α1 + α2)ε2,
NJs(ε1, ε4) = 2
k√
γ2
(α1 + α2)ε1 − 2 k√γ2 (1− α1α2)ε2,
NJs(ε2, ε3) = 2
k√
γ2
(α1 + α2)ε1 − 2 k√γ2 (1− α1α2)ε2,
NJs(ε2, ε4) = −2 k√γ2 (1− α1α2)ε1 − 2 k√γ2 (α1 + α2)ε2,
NJs(ε3, ε4) = 0.
By [CNT20, Corollary 3.8] we can then deduce the real torsion forms of the
canonical connection:
Θ1
R
= k2√γ2 (1− α1α2)(ε1 ∧ ε3 − ε2 ∧ ε4) + 12√γ2 (α1 + α2)(ε1 ∧ ε4 + ε2 ∧ ε3),
Θ2
R
= k2√γ2 (α1 + α2)(ε
1 ∧ ε3 − ε2 ∧ ε4)− 12√γ2 (1 − α1α2)(ε1 ∧ ε4 + ε2 ∧ ε3),
Θ3
R
= 0,
Θ4
R
= 0.
The complex torsion forms are easy to compute from these ones:
Θ1 =
√
2
2
(
Θ1
R
+
√−1Θ2
R
)
=
√
2k
2
√
γ2
(1 +
√−1α1)(1 +
√−1α2)ϕ¯1 ∧ ϕ¯2,
Θ2 =
√
2
2
(
Θ3
R
+
√−1Θ4
R
)
= 0.
To deduce the complex connection forms, we have to solve the system given by the
first structure equations:

dϕ1 + ϑ11 ∧ ϕ1 + ϑ12 ∧ ϕ2 = Θ1
dϕ2 + ϑ21 ∧ ϕ1 + ϑ22 ∧ ϕ2 = Θ2
ϑ11 + ϑ
1
1 = ϑ
2
1 + ϑ
1
2 = ϑ
2
2 + ϑ
2
2 = 0,
whose solution is
ϑ11 = −
√
2k
2
√
γ2
√−1α1(1−
√−1α2)ϕ2 −
√
2k
2
√
γ2
√−1α1(1 +
√−1α2)ϕ¯2,
ϑ12 = −
√
2k
2
√
γ2
(1 +
√−1α1)(1 +
√−1α2)ϕ¯1,
ϑ21 =
√
2k
2
√
γ2
(1−√−1α1)(1−
√−1α2)ϕ1,
ϑ22 = 0.
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From the knowledge of the connection forms, we can compute the curvature forms
ψij by means of the second structure equations, and we see that
ψ11 =
k2
2γ2
(1 + α21)(1 + α
2
2)ϕ
1 ∧ ϕ¯1,
ψ21 = −k
2
γ2
√−1α1(1−
√−1α1)(1−
√−1α2)2ϕ1 ∧ ϕ2+
−k2
γ2
√−1α1(1−
√−1α1)(1 + α22)ϕ1 ∧ ϕ¯2+
− k22γ2 (1 + α21)(1 −
√−1α2)2ϕ2 ∧ ϕ¯1+
+ k
2
2γ2
(1 + α21)(1 + α
2
2)ϕ¯
1 ∧ ϕ¯2,
ψ12 = −ψ21 ,
ψ22 = − k
2
2γ2
(1 + α21)(1 + α
2
2)ϕ
1 ∧ ϕ¯1.
We can state the following.
Proposition 4.4— All the manifolds (M(k), Js, gs) in our family are Chern–Ricci
flat, hence they also have vanishing scalar curvature.
Proof. To compute the component Rkl¯ of the Chern–Ricci tensor we recall that
Ri
jkl¯
is the coefficient of ϕk ∧ ϕ¯l in ψij and that Rkl¯ =
∑
iR
i
ikl¯
. But the only
non-vanishing coefficients among the Ri
jkl¯
are
R1111¯ =
k2
2γ2
(1 + α21)(1 + α
2
2), R
1
212¯ = − k
2
2γ2
(1 + α21)(1 +
√−1α2)2,
R1221¯ =
k2
γ2
√−1α1(1 +
√−1α1)(1 + α22), R2112¯ = −k
2
γ2
√−1α1(1−
√−1α1)(1 + α22),
R2121¯ = − k
2
2γ2
(1 + α21)(1 −
√−1α2)2, R2211¯ = − k
2
2γ2
(1 + α21)(1 + α
2
2),
hence it is now easy to see that Rkl¯ = 0 for all k, l = 1, 2. 
5. Special almost complex structures on N
5.1. Kodaira dimension. Let J be the almost complex structure on N which
acts on the tangent fields (3.3) as
(5.1) Je1 = e4, Je2 = e3, Je3 = −e2, Je4 = −e1.
We can then define the fields of type (1, 0)
(5.2) X1 =
1
2
(e1 −
√−1e4), X2 = 1
2
(e2 −
√−1e3, )
and the corresponding dual (1, 0)-forms
ϕ1 = e1 +
√−1e4, ϕ2 = e2 +√−1e3.
It is then a straightforward computation with the structure equations (3.4) to
see that
dϕ1 = − 14 (ϕ1 ∧ ϕ2 − ϕ1 ∧ ϕ¯2 − ϕ2 ∧ ϕ¯1 − ϕ¯1 ∧ ϕ¯2),
dϕ2 = −
√−1
4 (ϕ
1 ∧ ϕ2 + ϕ1 ∧ ϕ¯2 − ϕ2 ∧ ϕ¯1 + ϕ¯1 ∧ ϕ¯2),
hence that J is not integrable, and
∂¯(ϕ1 ∧ ϕ2) = −1
4
(
√−1ϕ¯1 + ϕ¯2) ∧ ϕ1 ∧ ϕ2.
Proposition 5.1— We have the following:
kod(N , J) = −∞.
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Proof. By a direct computation, a smooth pluricanonical section f(ϕ1 ∧ ϕ2)⊗m is
pseudoholomorphic if and only if ∂¯f − 14mf(
√−1ϕ¯1 + ϕ¯2) = 0, which is equivalent
to the system 

X¯1(f)− 14
√−1mf = 0
X¯2(f)− 14mf = 0.
Writing f = u+
√−1v and using (5.2) and (3.3) we find that the previous system
is equivalent to 

∂u
∂x
− ∂v
∂t
+ 12mv = 0
∂v
∂x
+ ∂u
∂t
− 12mu = 0
∂u
∂y
+ x∂u
∂z
+ 12x
2 ∂u
∂t
− ∂v
∂z
− x∂v
∂t
− 12mu = 0
∂v
∂y
+ x∂v
∂z
+ 12x
2 ∂v
∂t
+ ∂u
∂z
+ x∂u
∂t
− 12mv = 0.
Using the Fourier expansion (3.5), the last two equations in the last system become

√−1πauI +
√−1πbxuI +
√−1πc 12x2uI −
√−1πbvI −
√−1πcxvI − 12muI = 0√−1πavI +
√−1πbxvI +
√−1πc 12x2vI +
√−1πbuI +
√−1πcxuI − 12mvI = 0,
which is a homogeneous linear system for the pair (uI , vI). The determinant of the
matrix representing this last system is
−π2
(
a+ bx+
1
2
x2c+
√−1
2π
m+
√−1(b + cx)
)(
a+ bx+
1
2
x2c+
√−1
2π
m−√−1(b+ cx)
)
.
This determinant vanishes if and only if

a+ bx+ 12x
2c = 0
m
2pi + b+ cx = 0
or


a+ bx+ 12x
2c = 0
m
2pi − b− cx = 0,
and we want to determine explicitly when this happens.
(1) If c = 0, both systems are impossible since π is irrational.
(2) If c 6= 0, we can solve the second equation finding that x = m2pic − bc (we
focus on the second system, but the situation for the first one is completely
analogous). We can then substitute this expression in the first equation,
and after we clean the denominators we find the equation
4(2ca− b2)π +m2 = 0.
We have then two further subcases:
(a) if b2 = 2ca, this equation is never satisfied, since m 6= 0;
(b) if b2 6= 2ca, this equation is never satisfied, since π is irrational.
In any case, the determinant is non-zero for every value of I = (a, b, c) and so uI
and vI must always be identically zero. As a consequence u = v = 0, which implies
that the Kodaira dimension of (N , J) is −∞. 
Remark 5.2— Observe that with respect to the symplectic form ξ we have that
ξ(J ·, J ·) = ξ(·, ·),
and that ξ = 12
√−1 (ϕ1 ∧ ϕ¯1 + ϕ2 ∧ ϕ¯2) is of pure type (1, 1). Moreover, ξ is the
(1, 1)-form naturally associated with the metric
g′ = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4
on N , and so (N , J, g′) is an almost Kähler manifold.
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We consider now a second almost complex structure on N : the one defined by
J ′e1 = e2, J ′e2 = −e1, J ′e3 = e4, J ′e4 = −e3.
In this case we have
ϕ1 = e1 +
√−1e2, ϕ2 = e3 +√−1e4,
and so
dϕ1 = 0,
dϕ2 = − 14
√−1 (ϕ1 ∧ ϕ2 + 2ϕ1 ∧ ϕ¯1 + ϕ1 ∧ ϕ¯2 − ϕ2 ∧ ϕ¯1 + ϕ¯1 ∧ ϕ¯2) .
As a consequence
∂¯(ϕ1 ∧ ϕ2) = −1
4
√−1ϕ¯1 ∧ ϕ1 ∧ ϕ2,
so for any smooth function f : N −→ C we have
(5.3)
∂¯
(
f · (ϕ1 ∧ ϕ2)⊗m) = ∂¯f ⊗ (ϕ1 ∧ ϕ2)⊗m − 14√−1mfϕ¯1 ⊗ (ϕ1 ∧ ϕ2)⊗m =
=
(
∂¯f − 14
√−1mfϕ¯1)⊗ (ϕ1 ∧ ϕ2)⊗m.
Proposition 5.3— The Kodaira dimension of (N , J ′) is
kod(N , J ′) = −∞.
Proof. The dual frame of vector fields of type (1, 0) on (N , J ′) is
X1 =
1
2
(e1 −
√−1e2), X2 = 1
2
(e3 −
√−1e4),
so after we write f = u +
√−1v we see from (5.3) that the smooth pluricanonical
section f · (ϕ1 ∧ ϕ2)⊗m is pseudoholomorphic if and only if

e1(u)− e2(v) + 12mv = 0
e1(v) + e2(u)− 12mu = 0
e3(u)− e4(v) = 0
e3(v) + e4(u) = 0.
By (3.3) this system becomes
(5.4)


∂u
∂x
− ∂v
∂y
− x∂v
∂z
− 12x2 ∂v∂t + 12mv = 0
∂v
∂x
+ ∂u
∂y
+ x∂u
∂z
+ 12x
2 ∂u
∂t
− 12mu = 0
∂u
∂z
+ x∂u
∂t
− ∂v
∂t
= 0
∂v
∂z
+ x∂v
∂t
+ ∂u
∂t
= 0.
Recall from (3.5) that u and v can be expressed as Fourier series: in particular, the
third and fourth equation of (5.4) give us the system for the Fourier coefficients uI
and vI

(b + cx)uI − cvI = 0
(b + cx)vI + cuI = 0
i.e.

 b+ cx −c
c b+ cx



 uI
vI

 = 0.
As the determinant of the above matrix is (b + cx)2 + c2, which is the sum of two
real squares, we argue that it vanishes if and only if b = c = 0. As a consequence
b 6= 0 or c 6= 0 =⇒ uI = vI = 0
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and so u and v do not depend on z and t. It is then easy to check that they admit
a ‘new’ Fourier series expansion as
u(x, y) =
∑
(λ,µ)∈Z2
uλµe
√−1pi(λx+µy), uλµ ∈ C
and similarly for v. Moreover, the first and second equations of (5.4) then simplify
to 

∂u
∂x
= ∂v
∂y
− 12mv
∂u
∂y
= − ∂v
∂x
+ 12mu
and so
∂2v
∂y2
− 1
2
m
∂v
∂y
=
∂u
∂y∂x
=
∂u
∂x∂y
= −∂
2v
∂x2
+
1
2
m
(
∂v
∂y
− 1
2
mv
)
.
So, both u and v are solution of the second order operator
∂2
∂x2
+
∂2
∂y2
−m ∂
∂y
+
1
4
m2,
which implies that the Fourier coefficients satisfy(
−π2λ2 − π2µ2 + 1
4
m2 −√−1πmµ
)
uλµ = 0.
Observe that if µ 6= 0 then the coefficient in the above equation has non-vanishing
imaginary part, which forces uλµ = 0. Assume finally that µ = 0: the previous
relation then simplifies to
(−π2λ2 + 14m2)uλ0 = 0, which is still satisfied only if
uλ0 = 0 by the irrationality of π. This means that u = 0 and analogously for v.
To sum up, we have shown that if f = u+
√−1v is such that f · (ϕ1 ∧ ϕ2)⊗m is
a pseudoholomorphic pluricanonical section then f = 0, which means that
Pm(N , J
′) = 0 ∀m ≥ 1
and so
kod(N , J ′) = −∞.

Remark 5.4— With respect to this second almost complex structure we have
ξ = −1
2
√−1 (ϕ1 ∧ ϕ2 − ϕ¯1 ∧ ϕ¯2)
and so ξ(J ′·, J ′·) = −ξ(·, ·).
Finally, consider the following family of almost complex structures on N :
Jae1 =
1
a
e3, Jae2 = e4, Jae3 = −ae1, Jae4 = −e2.
where a ∈ R \ {0}.
In this case we have the (1, 0)-fields
Xa1 =
1
2
(
e1 −
√−1
a
e3
)
, Xa2 =
1
2
(e2 −
√−1e4)
with dual (1, 0)-forms
ϕ1a = e
1 +
√−1ae3, ϕ2a = e2 +
√−1e4.
In this case, the canonical section ϕ1a ∧ ϕ2a is not pseudoholomorphic as
∂¯(ϕ1a ∧ ϕ2a) =
a
4
√−1ϕ1a ∧ ϕ2a ∧ ϕ¯2a.
We compute the Kodaira dimension of (N , Ja) in the next proposition.
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Proposition 5.5— We have
kod(N , Ja) = −∞.
Proof. It is easy to see that a pluricanonical form f(ϕ1a ∧ ϕ2a)⊗k is pseudoholomor-
phic if and only if 

X¯a1(f) = 0
X¯a2(f) +
1
4
√−1kf = 0.
Writing f = u+
√−1v and using (3.3), the previous systems is equivalent to

∂u
∂x
− 1
a
(∂v
∂z
+ x∂v
∂t
) = 0
∂v
∂x
+ 1
a
(∂u
∂z
+ x∂u
∂t
) = 0
2∂u
∂y
+ 2x∂u
∂z
+ x2 ∂u
∂t
− 2∂v
∂t
− kav = 0
2∂v
∂y
+ 2x∂v
∂z
+ x2 ∂v
∂t
+ 2∂u
∂t
+ kau = 0.
By (3.5) the last differential system becomes then a differential system for the
Fourier coefficients uN (x) and vN (x): denoting by
′ the derivative with respect to
x we have

u′N − 1a
√−1πmvN − 1a
√−1πpxvN = 0
v′N +
1
a
√−1πmuN + 1a
√−1πpxuN = 0
2π
√−1nuN + 2π
√−1mxuN + π
√−1px2uN − 2π
√−1pvN − kavN = 0
2π
√−1nvN + 2π
√−1mxvN + π
√−1px2vN + 2π
√−1puN + kauN = 0.
The last two equations involve only uN and vN

√−1π(2n+ 2mx+ px2) −(ka+ 2π√−1p)
ka+ 2π
√−1p √−1π(2n+ 2mx+ px2)



 uN
vN

 =

 0
0

 ,
and so we can deduce that uN = vN = 0 for every N = (n,m, p) ∈ Z3:
(1) If p 6= 0, then uN = vN = 0. In fact, the determinant of the previous
matrix is not zero, as its imaginary part is 4πp 6= 0.
(2) If m = p = 0, then uN = vN = 0. In fact, the determinant of the previous
matrix equals k2a2− 4π2n2 and it is non zero for a /∈ 2πQ \ {0}. Moreover
if a = ± 2pin
k
we get again uN = 0 and vN = 0.
(3) If p = 0 and m 6= 0, then uN = vN = 0. In this case we see that the last
system becomes

vN =
2pi
ka
√−1(n+mx)uN
(k2a2 − 4π2(n+mx)2)uN = 0.
From the second equation we deduce that uN must be zero, except possibly
for x = − 2pin±ka2pim where the first function vanishes. As uN is continuous,
we deduce that uN = vN = 0.
As a consequence f = 0 and so kod(N , J ′′) = −∞. 
5.2. Curvature of the canonical connection. Let J be the almost complex
structure on N defined by (5.1). Then the action of J on the the dual coframe
{e1, . . . , e4} of {e1, . . . , e4} is given by
Je1 = −e4, Je2 = −e3, Je3 = e2, Je4 = e1.
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Then, setting
ω = e1 ∧ e4 + e2 ∧ e3, gJ(·, ·) = ω(·, J ·),
the pair (J, gJ) gives rise to an almost Hermitian metric on N . A straightforward
computation yields to the following
Proposition 5.6— On the nilmanifold N consider the almost Hermitian metric
(J, gJ). Then (J, gJ) is a non Chern–Ricci flat almost Kähler metric with vanishing
scalar curvature on N .
Proof. The coframe given by Φ1 =
√
2
2 ϕ
1 and Φ2 =
√
2
2 ϕ
2 is unitary with respect
to the Hermitian metric induced by (J, gJ).
One can then compute the Nijenhuis tensor of J and use it to compute the real
torsion forms of the canonical connection (see [CNT20, Corollary 3.8]). Hence the
complex torsion forms are
Θ1 =
√
2
4
Φ¯1 ∧ Φ¯2, and Θ2 = −
√
2
4
√−1Φ¯1 ∧ Φ¯2.
Solving the primary structure equations to find the connection forms ϑij we see that
these are given by
ϑ11 = −
√
2
4 Φ
2 +
√
2
4 Φ¯
2, ϑ12 = −
√
2
4
√−1Φ2 +
√
2
4 Φ¯
1,
ϑ21 = −
√
2
4 Φ
1 −
√
2
4
√−1Φ¯2, ϑ22 =
√
2
4
√−1Φ1 +
√
2
4 Φ¯
1.
The secondary structure equations allow us to compute the curvature forms ψij :
ψ11 =
1
8 (
√−1Φ1 ∧Φ2 +Φ1 ∧ Φ¯1 + 2√−1Φ1 ∧ Φ¯2 − 2√−1Φ2 ∧ Φ¯1 − Φ2 ∧ Φ¯2 +√−1Φ¯1 ∧ Φ¯2),
ψ12 = − 18 (Φ1 ∧ Φ2 +
√−1Φ1 ∧ Φ¯1 + 2Φ1 ∧ Φ¯2 −√−1Φ2 ∧ Φ¯2 + 3Φ¯1 ∧ Φ¯2),
ψ21 =
1
8 (3Φ
1 ∧ Φ2 +√−1Φ1 ∧ Φ¯1 − 2Φ2 ∧ Φ¯1 −√−1Φ2 ∧ Φ¯2 + Φ¯1 ∧ Φ¯2),
ψ22 =
1
8 (
√−1Φ1 ∧Φ2 − Φ1 ∧ Φ¯1 +Φ2 ∧ Φ¯2 +√−1Φ¯1 ∧ Φ¯2).
and finally the Chern–Ricci tensor of the canonical connection, which is:
1
4
√−1Φ1 ∧ Φ¯2 − 1
4
√−1Φ2 ∧ Φ¯1.

6. A special almost complex structure on M (λ)
Let J be the almost complex structure on M (λ) defined on the tangent fields
(3.7) by
Je1 = e2, Je2 = −e1, Je3 = e4, Je4 = −e3,
and let X = (M (λ), J) be the corresponding almost complex manifold. From the
complex point of view, we introduce the (0, 1)-forms
ϕ1 = e1 +
√−1e2, ϕ2 = e3 +√−1e4,
and thanks to the structure equations (3.6) we see that
dϕ1 = 12ϕ
1 ∧ ϕ¯2,
dϕ2 = 14ϕ
1 ∧ ϕ2 − 14 (1 + 2λ)ϕ1 ∧ ϕ¯2 − 14ϕ2 ∧ ϕ¯1 − 14 (1 + 2λ)ϕ¯1 ∧ ϕ¯2.
Hence
∂¯(ϕ1 ∧ ϕ2) = −1
4
ϕ1 ∧ ϕ2 ∧ ϕ¯1,
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and so for a smooth complex valued function f : M (λ) −→ C we have that
(6.1) ∂¯
(
f · (ϕ1 ∧ ϕ2)⊗m) =
(
∂¯f − 1
4
mfϕ¯1
)
⊗ (ϕ1 ∧ ϕ2)⊗m.
Proposition 6.1— The Kodaira dimension of (M (λ), J) is
kod(M (λ), J) = −∞.
Proof. It follows from (6.1) that a smooth pluricanonical section of the form f ·
(ϕ1 ∧ ϕ2)⊗m, with m ≥ 1, is pseudoholomorphic if and only if ∂¯f − 14mfϕ¯1 = 0.
As the vector fields of type (1, 0) corresponding to ϕ1, ϕ2 are
X1 =
1
2
(
e1 −
√−1e2
)
, X2 =
1
2
(
e3 −
√−1e4
)
,
the previous equation is equivalent to the system

X¯1(f)− 14mf = 0
X¯2(f) = 0.
Using the definition (3.7) for the fields ei and writing f = u+
√−1v, once we take
the real and the imaginary parts of the equations in the previous system we find
that it becomes equivalent to
(6.2)


∂u
∂t
− et ∂v
∂y
− 12mu = 0
∂v
∂t
+ et ∂u
∂y
− 12mv = 0
eλt ∂u
∂x
− e−(1+λ)t ∂v
∂z
= 0
eλt ∂v
∂x
+ e−(1+λ)t ∂u
∂z
= 0.
From the third and fourth equations of this system we see that
e(1+2λ)t
∂2v
∂x2
+ e−(1+2λ)t
∂2v
∂z2
and similarly for u. As a consequence, both u and v do not depend neither on x
nor on z.
Thanks to this information, the Fourier series expansion (3.8) of u and v simplify
to
u =
∑
b∈Z
ub(t)e
2pi
√−1by, v =
∑
b∈Z
vb(t)e
2pi
√−1by.
The first two equations of (6.2) then give us the differential system for the Fourier
coefficients ub, vb
 ∂ub∂t
∂vb
∂t

 =

 12m 2π
√−1etb
−2π√−1etb 12m



 ub
vb

 .
We make the following two observations. First of all, it is easy to see that (ub, vb)
is a solution of this system if and only if (−vb, ub) is a solution. The second one is
that if we substitute 
 ξb
ζb

 =

 1
√−1
−1 √−1



 ub
vb

 ,
then the system decouples and we obtain

∂ξb
∂t
=
(
1
2m+ 2πbe
t
)
ξb
∂ζb
∂t
=
(
1
2m− 2πbet
)
ζb,
22 ANDREA CATTANEO, ANTONELLA NANNICINI, AND ADRIANO TOMASSINI
which can easily be solved. Explicitly, the solution (ub, vb) is
ub(t) =
1
2e
1
2
mt
(
c1,be
2pibet − c2,be−2pibet
)
,
vb(t) = −
√−1
2 e
1
2
mt
(
c1,be
2pibet − c2,be−2pibet
)
,
with c1,b, c2,b ∈ R. From this explicit solution, we see that if (ub, vb) is a solution
of our differential system, then ub assumes only real values while vb assumes only
purely imaginary values.
Taking into account this last fact with the first observation we made we deduce
that the only solution for the differential system is (ub, vb) = (0, 0). It follows that
also (u, v) = (0, 0) and so that
f · (ϕ1 ∧ ϕ2)⊗m is pseudoholomorphic⇐⇒ f = 0.
In other words, we have that the plurigenera of (M (λ), J) are
Pm(M (λ)) = 0 ∀m ≥ 1
and so
kod(M (λ), J) = −∞.

7. A twistorial approach
In the following we will denote by M one of the three four dimensional solv-
manifolds without complex structures described before, unless otherwise specified.
Moreover we will denote by {e1, e2, e3, e4} and {e1, e2, e3, e4} the global frame for
TM and T ∗M respectively.
7.1. Almost hypercomplex structure on M(k), N , M (λ). Consider the fol-
lowing endomorphisms of the tangent bundle of M :
J0 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0


, J1 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0


.
It is easy to see that J0J1 = −J1J0, thus we define:
J2 = J0J1 =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0


and we get that J0, J1, J2 define an almost hypercomplex structure on M .
Let ω0 and g0 be defined by:
ω0 = e
1 ∧ e2 + e3 ∧ e4
g0 = e
1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 + e4 ⊗ e4.
We have
g0(·, ·) = ω0(·, J0·).
Then we consider
ω1(·, ·) = g0(J1·, ·) = e1 ∧ e3 − e2 ∧ e4
and
ω2(·, ·) = g0(J2·, ·) = e1 ∧ e4 + e2 ∧ e3.
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A direct computation gives the following results.
Lemma 7.1— g0(Ji·, Ji·) = g0(·, ·) for i = 0, 1, 2.
Lemma 7.2— ω0, ω1, ω2 are self-dual.
Lemma 7.3— If M=M(k) then dω0 = 0, dω1 = ke
2∧e3∧e4, dω2 = −ke1∧e3∧e4.
If M= N then dω0 = −e1 ∧ e2 ∧ e4, dω1 = e1 ∧ e2 ∧ e3, dω2 = 0.
If M=M (λ) then dω0 = e
1∧e3∧e4, dω1 = −λe1∧e2∧e4, dω2 = −(1+λ)e1∧e2∧e3.
7.2. The twistor bundle of M(k), N , M (λ). Let us consider the Riemann-
ian manifold (M, g0) with the orientation defined by e1, e2, e3, e4. Let Pg0 =
Pg0(M,SO(4)) be the SO(4)-principal bundle of oriented g0-orthonormal frames
on M . SO(4) acts on the right on Pg0 and on the left on SO(4)/U(2). The
twistor space of (M, g0) is the associated bundle to Pg0 defined as the quotient
Zg0 = Z(M, g0) of Pg0 ×SO(4)/U(2) with respect to previous action. Zg0 is a triv-
ial bundle overM with fibre SO(4)/U(2). Let x ∈M , the fibre (Zg0)x parametrises
the complex structures on TxM compatible with the metric g0 and the fixed ori-
entation. A global section is an almost complex structure on M compatible with
the metric and the orientation. For more details on the construction and main
properties of the twistor bundle, we address the interested reader to [dBN98].
By using the twistorial description we have immediately that any almost complex
structure J on M , compatible with the metric g0 and the fixed orientation, is given
by:
J = αJ0 + βJ1 + γJ2
where α, β, γ are smooth functions on M such that α2 + β2 + γ2 = 1.
Proposition 7.4— Let J be an almost complex structure on M=M(k) compatible
with the metric g0 and the given orientation and let ω be the Kähler form of J ,
ω(·, ·) := g0(J ·, ·), then dω = 0 if and only if ω = cω0 for some real constant c.
Proof. Let J = αJ0 + βJ1 + γJ2, then ω = αω0 + βω1 + γω2. In particular dω = 0
implies d(⋆ω) = 0, where ⋆ is the Hodge operator defined by g0. Hence ω is harmonic
and then ω = c1e
1 ∧ e2 + c2e3 ∧ e4, for some real constants c1, c2. On the other
hand ω = αe1 ∧ e2 + αe3 ∧ e4, then α = c1 = c2 = c is constant and ω = cω0. 
Analogously
Proposition 7.5 — Let J be an almost complex structure on M=N compatible
with the metric g0 and the given orientation and let ω be the Kähler form of J ,
ω(·, ·) := g0(J ·, ·), then dω = 0 if and only if ω = cω2 for some real constant c.
Proof. Let J = αJ0 + βJ1 + γJ2, then ω = αω0 + βω1 + γω2. In particular dω = 0
implies d(⋆ω) = 0, where ⋆ is the Hodge operator defined by g0. Hence ω is harmonic
and then ω = c1e
1∧e4+c2e2∧e3, for some real constants c1, c2. On the other hand
ω = −γe1 ∧ e4 − γe2 ∧ e3, then γ = −c1 = −c2 = c is constant and ω = cω2. 
Remark 7.6— For M=M (λ) it is impossible to have J such that dω = 0, so there
is not an analogous proposition in this case.
7.3. Kodaira dimension of a special family. Define
J(a,b,c) = aJ0 + bJ1 + cJ2, a, b, c ∈ R such that a2 + b2 + c2 = 1.
Then J(a,b,c) is a (constant) section of the twistor bundle Zg0 and so defines a g0-
compatible almost complex structure. Among the members of this family we can
find the almost complex structures J0 (for (a, b, c) = (1, 0, 0)), J1 (for (a, b, c) =
(0, 1, 0)) and J2 (for (a, b, c) = (0, 0, 1)), and the only almost Kähler ones are J0,
−J0 for M=M(k) and J2, −J2 for M=N . As we know that kod(M(k),±J0) = 0,
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kod(N ,±J0) = −∞ and kod(M (λ),±J0) = −∞ we can (and will) assume that
a 6= ±1.
We observe that a J-adapted basis of vector fields is given by
ε1 = be1 + ce2 − ae4, ε3 = ce1 − be2 + ae3,
ε2 = e3, ε4 = e4,
hence dually we have
ε1 = b1−a2 e
1 + c1−a2 e
2, ε3 = c1−a2 e
1 − b1−a2 e2
ε2 = − ac1−a2 e1 + ab1−a2 e2 + e3, ε4 = ab1−a2 e1 + ac1−a2 e2 + e4.
We can then consider the vector fields and 1-forms of type (1, 0) given respectively
by
X1 =
1
2
(ε1 −
√−1ε2), X2 = 1
2
(ε3 −
√−1ε4)
and
ϕ1 = ε1 +
√−1ε2, ϕ2 = ε3 +√−1ε4.
In the following subsections we will compute the Kodaira dimension of (M(k), J(a,b,0)),
(N , J(a,b,0)) and (M (λ), J(a,b,0)). The computations for the general case (with
J(a,b,c)) are more complicated but, in principle, they can be treated with the same
methods we have presented so far. We plan to come back on this subject in a future
work.
7.3.1. Kodaira dimension of (M(k), J(a,b,c)). First of all we compute the Kodaira
dimension of (M(k), J(a,b,c)).
We have that
∂¯ϕ1 = k2(1−a2)((2acb+
√−1(b2 − c2))ϕ1 ∧ ϕ¯1 +√−1bc(1− a2)ϕ1 ∧ ϕ¯2+
−(a(b2 − c2)−√−1bc(1 + a2))ϕ2 ∧ ϕ¯1)
and
∂¯ϕ2 = k4(1−a2) (2(−a(b2 − c2) + 2
√−1bc)ϕ1 ∧ ϕ¯1 +√−1(b2 − c2)(a2 − 1)ϕ1 ∧ ϕ¯2+
−(4abc+√−1(b2 − c2)(a2 + 1))ϕ2 ∧ ϕ¯1),
from which
∂¯(ϕ1 ∧ ϕ2) = −k
4
√−1 ((b2 − c2)ϕ1 ∧ ϕ2 ∧ ϕ¯1 + 2bcϕ1 ∧ ϕ2 ∧ ϕ¯2) .
As a section of Ω0,1X ⊗ Ω2,0X this corresponds to ∂¯(ϕ1 ∧ ϕ2) = ω ⊗ (ϕ1 ∧ ϕ2), where
ω = −k
4
√−1 ((b2 − c2)ϕ¯1 + 2bcϕ¯2)
and so
∂¯
(
(ϕ1 ∧ ϕ2)⊗m) = mω ⊗ (ϕ1 ∧ ϕ2)⊗m.
Proposition 7.7— We have the following:
kod(M(k), J(a,b,0)) =


0 if (a, b, c) = (±1, 0, 0),
−∞ otherwise.
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Proof. Let f = u +
√−1v be a smooth complex-valued function. The condition
that f(ϕ1 ∧ ϕ2)⊗m is a pseudo-holomorphic pluricanonical section translates in
∂¯f +mfω = 0, which in turns is equivalent to

X¯1(f)−
√−1mk4 (b2 − c2)f = 0
X¯2(f)−
√−1mk2 bcf = 0,
hence to 

be1(u) + ce2(u)− ae4(u)− e3(v) + 12mk(b2 − c2)v = 0
be1(v) + ce2(v)− ae4(v) + e3(u)− 12mk(b2 − c2)u = 0
ce1(u)− be2(u) + ae3(u)− e4(v) +mkbcv = 0
ce1(v)− be2(v) + ae3(v) + e4(u)−mkbcu = 0.
For c = 0 and using the Fourier series expansion (3.2) the first two equations
give us the following system for the coefficients uI and vI (with I = (A,B,C) ∈ Z3)
(7.1)


u′I =
1
2mkb
2uI − 2π
√−1 (bekz 1
δ
(Av2 −Bu2)− aC
)
vI
v′I = 2π
√−1 (bekz 1
δ
(Av2 −Bu2)− aC
)
uI +
1
2mkb
2
where ′ denotes the derivative with respect to z.
Now we argue as in the proof of Proposition 6.1. First of all, assume that
bekz 1
δ
(Av2 −Bu2)− aC 6= 0. In this case, after the substitution
 uI
vI

 =


√−1 −√−1
1 1



 ξI
ζI


the system decouples and can easily be solved in (ξI , ζI):
ξI(z) = c1,Ie(
1
2
mkb2−2pi(bekz 1δ (Av2−Bu2)−aC))z,
ζI(z) = c2,Ie
( 12mkb
2+2pi(bekz 1δ (Av2−Bu2)−aC))z, c1,I , c2,I ∈ R.
Observe that this is a pair of real solutions, and so once we go back to (uI , vI) we see
that uI is purely imaginary while vI is real. Since (uI , vI) is a solution if and only
if (−vI , uI) is still a solution, we are led to a contradiction unless (uI , vI) = (0, 0).
Assume now that bekz 1
δ
(Av2 −Bu2)− aC 6= 0 = 0. In this case the solutions of
the system (7.1) are
uI(z) = c
′
1,Ie
1
2
mkb2z , vI(z) = c
′
2,Ie
1
2
mkb2z, c′1,I , c
′
2,I ∈ R.
Observe that this implies that u can be written as
u(x, y, z, t) = e
1
2
mkb2z
∑
I=(a,b,c)∈Z3
c′1,Ie
2pi
√−1 1
δ
((av2−bu2)x+(−av1+bu1)y+cδt),
and similarly for v. An argument on the invariance of u by the lattice or one based
on the boundedness of u then shows that u must be identically zero unless b = 0.
To sum up, we showed that possibly with the exception of the point (a, b, 0) =
(±1, 0, 0), u = v = 0 is the only solution of our differential system. Hence all the
plurigenera vanish and the kodaira dimension of the corresponding almost com-
plex manifold is −∞. To conclude, the Kodaira dimension of (M(k), J±1,0,0) =
(M(k),±J0) is a particular case of Proposition 4.1 (it is the fibre over the origin),
hence its Kodaira dimension is 0. 
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Remark 7.8 — We remark that the family of almost complex structures {Jr} is
obtained as particular values of a, b, c, namely: a = (1 − r)2, b = 2r2 and c =
−2r(1 − r). Precisely {Jr} is a path in the Twistor space passing from J0 (r = 0)
and J1 (r = 1). However J2 is not contained in this family.
7.3.2. Kodaira dimension of (N , J(a,b,c)). Consider (N , J(a,b,c)).
We have that
∂¯ϕ1 =
√−1(1− a2)
4
(ϕ1 ∧ ϕ¯2 − ϕ2 ∧ ϕ¯1)
and
∂¯ϕ2 =
b
2
ϕ1 ∧ ϕ¯1 + 1
4
(c− ab√−1)ϕ1 ∧ ϕ¯2 + 1
4
(c+ ab
√−1)ϕ2 ∧ ϕ¯1),
from which
∂¯(ϕ1 ∧ ϕ2) = −1
4
(
(c+ ab
√−1)ϕ1 ∧ ϕ2 ∧ ϕ¯1 + (1− a2)√−1ϕ1 ∧ ϕ2 ∧ ϕ¯2) .
As a section of Ω0,1X ⊗ Ω2,0X this corresponds to ∂¯(ϕ1 ∧ ϕ2) = ω ⊗ (ϕ1 ∧ ϕ2), where
ω = −1
4
(
(c+ ab
√−1)ϕ¯1 + (1− a2)√−1ϕ¯2)
and so
∂¯
(
(ϕ1 ∧ ϕ2)⊗m) = mω ⊗ (ϕ1 ∧ ϕ2)⊗m.
Proposition 7.9— We have the following:
kod(N , J(a,b,0)) = −∞
for all a, b.
Proof. Following previous computation we have that a pluricanonical form f(ϕ1 ∧
ϕ2)⊗m is pseudo-holomorphic with respect to J(a,b,c) if and only if:

X¯1(f)− 14mf(c+ ab
√−1) = 0
X¯2(f)− 14
√−1m(1− a2)f = 0.
Writing f = u+
√−1v previous system is equivalent to

be1(u) + ce2(u)− ae4(u)− e3(v) − 12m(cu− abv) = 0
be1(v) + ce2(v) + e3(v) − ae4(v) − 12m(abu+ cv) = 0
ae3(u) + ce1(u)− be2(u)− e4(v) + 12m(1− a2)v = 0
e4(u) + ce1(v)− be2(v) + ae3(v)− 12m(1− a2)u = 0.
By substituting Fourier coefficients uI(x) and vI(x), where I = (A,B,C) ∈ Z3,
denoting ′ the derivative with respect to x we get:

bu′I + [πc
√−1(A+ xB + 12x2C)− aC − 12mc]uI + [ 12mab− π
√−1(xC +B)]vI = 0
bv′I + [πc
√−1(A+ xB + 12x2C)− aC − 12mc]vI − [ 12mab− π
√−1(xC +B)]uI = 0
cu′I − π
√−1[b(A+ xB + 12x2C)− a(B + Cx)]uI + [ 12m(1 − a2)− π
√−1C]vI = 0
cv′I − π
√−1[b(A+ xB + 12x2C)− a(B + Cx)]vI − [ 12m(1− a2)− π
√−1C]uI = 0.
If c = 0 the last two equations involve only uI and vI , the determinant of the matrix
of this homogeneous system has imaginary part given by:
πCm(1− a2)
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which is zero if and only if C = 0. Moreover for C = 0 the real part of this
determinant vanishes only for finite values of x and we can conclude that uI =
vI = 0. So the statement.

7.3.3. Kodaira dimension of (M (λ), J(a,b,c)). Finally consider (M (λ), J(a,b,c)).
We have that
∂¯ϕ1 =
λb
2
ϕ1∧ϕ¯1+1
4
(
(1 + λ)c + ab(1− λ)√−1)ϕ1 ∧ ϕ¯2 + (λ − 1)(c+ ab√−1))ϕ2∧ϕ¯1)
and
∂¯ϕ2 =
(2 + λ)
4
(−b+ac√−1)ϕ1∧ϕ¯2− 1
4
(bλ+ac(2+λ)
√−1)ϕ2∧ϕ¯1− c(1 + λ)
2
ϕ2∧ϕ¯2,
from which
∂¯(ϕ1∧ϕ2) = 1
4
(
(−bλ+ ac(2 + λ)√−1)ϕ1 ∧ ϕ2 ∧ ϕ¯1 + (c(1 + λ)− ab(1− λ)√−1)ϕ1 ∧ ϕ2 ∧ ϕ¯2) .
As a section of Ω0,1X ⊗ Ω2,0X this corresponds to ∂¯(ϕ1 ∧ ϕ2) = ω ⊗ (ϕ1 ∧ ϕ2), where
ω =
1
4
(
(−bλ+ ac(2 + λ)√−1)ϕ¯1 + (c(1 + λ)− ab(1− λ)√−1)ϕ¯2) .
and so
∂¯
(
(ϕ1 ∧ ϕ2)⊗m) = mω ⊗ (ϕ1 ∧ ϕ2)⊗m.
Proposition 7.10— We have the following:
kod(M (λ), J(a,b,0)) = −∞
for all a, b.
Proof. Following previous computation we have that a pluricanonical form f(ϕ1 ∧
ϕ2)⊗m is pseudo-holomorphic with respect to J(a,b,c) if and only if:

X¯1(f) +
1
4mf(−bλ+ ac
√−1(2 + λ)) = 0
X¯2(f) +
1
4mf(c(1 + λ)− ab(1− λ)
√−1) = 0.
Writing f = u+
√−1v and substituting Fourier coefficients uI(t) and vI(t), where
I = (A,B,C) ∈ Z3, denoting ′ the derivative with respect to t we get:

2bu′I + [4π
√−1(cetB − aCe−(1+λ)t)−mbλ]uI − [4π
√−1Aeλt +mac(2 + λ)]vI = 0
2bv′I + [4π
√−1(cetB − aCe−(1+λ)t)−mbλ]vI + [4π
√−1Aeλt +mac(2 + λ)]uI = 0
2cu′I − [4π
√−1(bBet − aAeλt −mc(1 + λ)]uI + [−4π
√−1Ce−(1+λ)t + ab(1− λ)m]vI = 0
2cv′I − [4π
√−1(bBet − aAeλt −mc(1 + λ)]vI − [−4π
√−1Ce−(1+λ)t + ab(1− λ)m]uI = 0.
If c = 0 the last two equations involve only uI and vI , the determinant of the matrix
of this homogeneous system has imaginary part given by:
−8πabCm(1− λ)e−(1+λ)t
which is zero if and only if C = 0. Moreover for C = 0 the real part of this
determinant vanishes only for finite values of t and so we can conclude that uI =
vI = 0. Hence we get the statement. 
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8. Norden structures
Norden structures were introduced by Norden in [Nor60] and then studied also
as almost complex structures with B-metric and anti Kählerian structures, they
have applications in mathematics and in theoretical physics. We recall here the
definition.
Definition 8.1— Let (M,J) be an almost complex manifold and let g be a pseudo
Riemannian metric on M such that J is a g-symmetric operator, (J, g) is called
Norden structure onM and (M,J, g) is called a Norden manifold. If J is integrable
then (M,J, g) is called a complex Norden manifold.
Let M one of the three four dimensional solvmanifolds M(k), N , M (λ).
By using previous notations consider the following natural neutral pseudo Rie-
mannian metrics on M :
g˜0 := e
1 ⊗ e1 + e2 ⊗ e2 − e3 ⊗ e3 − e4 ⊗ e4,
g˜1 := e
1 ⊗ e1 − e2 ⊗ e2 + e3 ⊗ e3 − e4 ⊗ e4,
g˜2 := e
1 ⊗ e1 − e2 ⊗ e2 − e3 ⊗ e3 + e4 ⊗ e4.
Direct computation gives the following.
Lemma 8.2— g˜0(J0·, J0·) = g˜0(·, ·) and g˜0(Ji·, ·) = g˜0(·, Ji·) for i = 1, 2.
g˜1(J1·, J1·) = g˜1(·, ·) and g˜1(Ji·, ·) = g˜1(·, Ji·) for i = 0, 2.
g˜2(J2·, J2·) = g˜2(·, ·) and g˜2(Ji·, ·) = g˜2(·, Ji·) for i = 0, 1.
Hence we get:
Corollary 8.3 — (M,Ji, g˜0) is a Norden manifold for i = 1, 2 and (M,J0, g˜0) is
a pseudo Hermitian manifold.
(M,Ji, g˜1) is a Norden manifold for i = 0, 2 and (M,J1, g˜1) is a pseudo Hermitian
manifold.
(M,Ji, g˜2) is a Norden manifold for i = 0, 1 and (M,J2, g˜2) is a pseudo Hermitian
manifold.
Moreover we define:
ω˜0(·, ·) := g˜0(J0·, ·) = e1 ∧ e2 − e3 ∧ e4,
ω˜1(·, ·) := g˜1(J1·, ·) = e1 ∧ e3 + e2 ∧ e4,
ω˜2(·, ·) := g˜2(J2·, ·) = e1 ∧ e4 − e2 ∧ e3,
and we easily get:
Lemma 8.4— If M=M(k) then dω˜0 = 0, dω˜1 = −ke2∧e3∧e4, dω˜2 = ke1∧e3∧e4.
If M= N then dω˜0 = e
1 ∧ e3 ∧ e4, dω˜1 = −e1 ∧ e2 ∧ e3, dω˜2 = 0.
If M=M (λ) then dω˜0 = −e1∧e3∧e4, dω˜1 = λe1∧e2∧e4, dω˜2 = (1+λ)e1∧e2∧e3.
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Finally, by direct computation, we obtain the following expressions for twin
metrics:
gˆ01(·, ·) := g˜0(·, J1·) = −e1 ⊗ e3 − e3 ⊗ e1 + e2 ⊗ e4 + e4 ⊗ e2,
gˆ02(·, ·) := g˜0(·, J2·) = −e1 ⊗ e4 − e4 ⊗ e1 − e2 ⊗ e3 − e3 ⊗ e2,
gˆ10(·, ·) := g˜1(·, J0·) = −e1 ⊗ e2 − e2 ⊗ e1 − e3 ⊗ e4 − e4 ⊗ e3,
gˆ12(·, ·) := g˜1(·, J2·) = −e1 ⊗ e4 − e4 ⊗ e1 + e2 ⊗ e3 + e3 ⊗ e2,
gˆ20(·, ·) := g˜2(·, J0·) = −e1 ⊗ e2 − e2 ⊗ e1 + e3 ⊗ e4 + e4 ⊗ e3,
gˆ21(·, ·) := g˜2(·, J1·) = −e1 ⊗ e3 − e3 ⊗ e1 − e2 ⊗ e4 − e4 ⊗ e2.
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